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Abstract
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produces assignments that satisfy a fairness criterion which incorporates the diversity
objectives as an element of fairness. Second, it optimally approximates the diversity
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substitutability and IRC conditions and then using the school-proposing deferred acceptance procedure. This leads to the equivalence of stability with the desired definition of
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Introduction

Racial and ethnic diversity in school cohorts is believed to be a key condition to obtain more
cohesive communities and a less segregated society.1 Over the last five decades a multitude
of policies has been implemented, with varying degree of success, to reduce historical and
emerging racial, religious, and ethnic segregation at the school level. In the United States,
numerous school districts implemented desegregation efforts through methods ranging from
the ability to choose which school to apply to the forced reallocation of students.2 More
recent such efforts include Brazil’s racial and income-based public university reserves (Aygün
and Bó, 2013) and the attempt to increase religious diversity in British schools (Coldron
et al., 2008).
Most policies used to achieve that objective consist of either establishing maximum quotas
for the so-called majority students (that is, a maximal number of majority students that are
allowed at a certain school) or giving higher priority to minority students in either all or part
of the seats available.
Failure to design adequate mechanisms may have severe consequences. In their effort
to increase the proportion of white students in schools that were attended predominantly
by black students, the school district of Kansas City reserved a significant number of seats
exclusively for white students in order to satisfy a court-ordered ratio of 60/40 black/white
students. The result is detailed in Ciotti (2001):
An overzealous commitment to their desegregation plan sometimes led proponents of the plan to take positions seemingly at odds with their ultimate goal of
helping inner-city blacks. At one point the Landmark Legal Foundation had to
go to court to stop the district from enforcing a quota that allowed desks to sit
empty in new magnet schools (waiting for whites who never came) while some
overcrowded all-black schools had to house their students in trailers. If a white
suburban student wanted to go to a magnet school, admission was automatic because that brought the district closer to the 60/40 black/white ratio ordered by
the judge. If a black student wanted to go to the same school, however, that student often ended up on a waiting list. As a result, some black parents registered
their children as white in order to get them into certain schools. Finally, the district had discovered that it was easier to meet the court’s 60/40 integration ratio
by letting black students drop out than by convincing white students to move in.
As a result, nothing was done in the early days of the desegregation plan about
the district’s appalling high school dropout rate, which averaged about 56 percent
in the early 1990s (when desegregation pressures were most intense) and went as
high as 71 percent at some schools (for black males it was higher still.)
(...) Twenty-five percent of the KCMSD’s 37,000 students were white. Thus,
to meet the court-mandated ratio of 40 percent white to 60 percent black, the
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district needed to attract 10,000 additional white students.
Since the seminal work on the subject by Abdulkadiroğlu and Sönmez (2003), a growing
number of papers have used mechanism design principles to obtain school assignments that
achieve some balance between diversity objectives, fairness, efficiency, and other properties.
One class of such mechanisms, which we denote affirmative action mechanisms, expands the
set of schools that certain types of students have access to by giving them higher priority
and/or reserving some seats in the schools to be filled by those students, making the seats
otherwise available to everyone.3 Examples of affirmative action mechanisms include artificial
increases on exam scores for students from public schools in university admissions (Matos
et al., 2012) and giving higher priority to racial minorities for a number of seats in schools.4
Another class of mechanisms takes diversity as an objective instead, and accommodates other
properties, such as fairness or constrained efficiency. We denote that class of mechanisms
diversity implementation mechanisms. Mechanisms with majority quotas (which enforce a
maximum number of “majority type” students in each school) or others that enforce certain
ratios among types of students are examples of diversity implementation mechanisms.
For problems such as university admission – which is in many cases determined by student
performance in tests and high-school grades – affirmative action mechanisms could increase
the diversity of cohorts by improving the access of minority students to more competitive
universities. In the case of school choice, however, that it is not necessarily the case. Typically
the criteria for admission rely on aspects such as residence location, presence of siblings in
the school, special needs, etc (see, for example, Coldron et al. 2008.) That is, minority
students are not necessarily disadvantaged with respect to others in their access to desired
schools, and thus the use of such mechanisms may not help in obtaining more diverse groups
of students. In fact, in section 4 we show that in certain scenarios these can lead to a
completely segregated distribution of students.
We introduce a new diversity implementation mechanism that differs from others available
in the literature in two main aspects: the incorporation of diversity objectives as an element
of fairness and a more pragmatic interpretation of those objectives, where a given distribution
of types in a school is used as a desired target instead of a strict objective.
Consider first the definition of fairness. One that is used in the literature for school choice
with diversity concerns is same-type fairness:5 a school assignment is same-type fair if no
student s of type t assigned to a school c would prefer to be assigned to a school c1 where
there is another student s1 of type t, while s has a higher priority than s1 at c1 . Using a
common terminology in the literature, no student justifiably envies another student of the
same type. Although that definition allows, for example, minority students with low priority
to be assigned to a school instead of some majority students with high priority, the definition
fails to capture the diversity objectives as an element of fairness, giving instead “property
3
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rights” to a set of seats to students of a certain type, regardless of those objectives. In
fact, if the diversity objectives are, for example, to have an equal number of minority and
majority students in each school, one school with only minority students and another with
only majority students satisfies same-type fairness even if there are students of different types
that would prefer to be assigned to each other’s school.
The definition of fairness that we use (and that the mechanism we propose satisfies) is
instead that of fairness with diversity.6 An assignment is fair with diversity if it is individually
rational, non-wasteful, and if no student s of type t assigned to a school c would prefer to be
assigned to a school c1 , where one of the following is true:
• There is a student s1 assigned to c1 , who has a lower priority than s, and replacing s1
with s would not affect the satisfaction of the diversity objectives.
• It is possible to replace a student s1 assigned to c1 by s, and as a result c1 would
strictly improve how much a certain diversity objective is satisfied in that school without
negatively affecting another diversity objective in c1 .
Therefore, an assignment that is fair with diversity incorporates the diversity objectives as
an element of fairness. In the example above, the assignment in which one school with only
minority students and another with only majority students could only be fair with diversity
if every student prefers its assignment to being assigned to the other school. Otherwise, that
wouldn’t be fair with diversity.
Another way by which the mechanism presented here differs from other diversity implementation mechanisms in the literature is the fact that it doesn’t use the diversity objectives
as a binary objective (that is either satisfied or not). It instead induces an ordering of the
the satisfaction of those objectives across assignments, which allows for the maximization
of those subject to the fairness definition and the actual distribution of types in the population without having to rely on assumptions over that distribution. The quote above on
the problems encountered during the desegregation process in Kansas City gives an example
of why being able to adapt the diversity objectives to the actual population distribution is
fundamental in practical applications.
From a theoretical perspective, one key aspect of this paper is our use of the schoolproposing deferred acceptance procedure while at the same time “designing preferences” for
the schools, in the form of a choice function that satisfies some technical conditions, namely
Substitutability and Irrelevance of Rejected Contracts (IRC). While marriage markets and
college admissions problems are two-sided matching problems in which the welfare and incentives of both sides are under consideration, in a school choice problem the seats in the
schools are simply objects to be allocated to students. Therefore the school’s choice function,
instead of representing some sort of preference that schools have over students sets, can be
designed in a way such that the property of stability and the school-optimality of the stable
allocations selected induces the desired properties on the allocation.
6
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While the use of the school-proposing version of the deferred acceptance procedure allows
the use of the school-optimality property to select among stable assignments with some degree
of arbitrariness, the student-proposing deferred acceptance procedure is widely known for
being strategy-proof for the students and having desirable welfare properties. We argue that
the choice of which procedure to use depends on the desired allocation along the trade-off
presented by these options.
We complement our paper with an analytic evaluation of how the outcome of our mechanism compares to the use of student-proposing deferred acceptance affirmative action mechanisms. We show that in every scenario analyzed the mechanism proposed in this paper is
able to minimize the segregation of school assignments, while the other alternative may lead
to highly segregated assignments.

1.1

Main Results

Our first results shows that for a school choice problem with diversity objectives, the traditional concept of fairness (using priority-based no-envy) and even that of fairness with
diversity are incompatible with the strict enforcement of those diversity objectives (propositions 1 and 3). Despite those negative results, we propose a mechanism (School-Proposing
Diversity, or SPDiv) that generates an assignment which satisfies, in a well-defined maximal
way, those diversity objectives without being wasteful or compromising fairness (Theorem
1). The mechanism we propose may be vulnerable to strategic manipulation by students
(Example 3). However, there is no mechanism that both implements diversity with fairness
and is strategy-proof (Theorem 3). Moreover, we show that when the number of students is
large, gains from manipulating their preferences disappear (Theorem 4).
Given that the objective of using such mechanisms is to reduce the segregation of students
across schools without jeopardizing fairness, we compare the assignments generated by the
SPDiv and those generated by the student-proposing affirnative action mechanisms under
some symmetric population distributions. We show that the SPDiv mechanism is able to
minimize segregation regardless of schools’ priorities or students’ preferences (Theorem 2).
We show that, on the other hand, student-proposing affirnative action mechanisms yield
segregated assignments for some familiar preference profiles (propositions 5 and 6).

1.2

Relation with the literature

The concept of stable matchings was first introduced by Gale and Shapley (1962). Inspired
by the problem of college admissions, the authors also present two procedures that produce
stable matchings: the Student-Proposing Deferred Acceptance and the College-Proposing
Deferred Acceptance (SPDA and CPDA). They showed that the outcome of the SPDA is
student-optimal in the sense that the matching it generates is preferred by every student to
any other stable matching. Similarly, the outcome of the CPDA is college-optimal in the
sense that its outcome is preferred by every college to any other stable matching.
When one of those mechanisms is used, a game is induced on the participants, where
the stated preferences are the strategies and their matches the outcomes. While Dubins and
5

Freedman (1981) show that when using the SPDA no student or group of students can be
made better-off by misrepresenting their preferences, Gale and Sotomayor (1985) show that
this is not normally the case if using CPDA. Furthermore, Roth (1985) show that there is no
stable mechanism that is immune to manipulation by colleges.7
The incentive and welfare properties of both mechanisms come into play in the context of
college admissions in Balinski and Sönmez (1999). In their model, colleges are not considered
strategic agents but their seats are simple objects to be consumed by the students. In
this scenario there is no need for strategic or welfare considerations on the part of colleges.
Moreover, they show that when colleges preferences are based on exogenous priorities (e.g.,
exam scores), stability is equivalent to an intuitive notion of fairness. As a result, the SPDA
is suggested as the ideal mechanism for the student placement problem.
The subsequent literature on college admissions and school choice, as well as their applications, focuses on the use of the SPDA procedure (see Abdulkadiroğlu and Sönmez, 2003,
Abdulkadiroğlu et al., 2005, Abdulkadiroğlu et al., 2006 and Abdulkadiroğlu et al., 2009).
When concerns about diversity on the distribution of students across schools were introduced
in the mechanisms, that choice persisted. Abdulkadiroğlu and Sönmez (2003) use the SPDA
associated with a maximum quota for certain types. After Kojima (2012) showed that maximal quotas may hurt every minority student, the focus shifted to minority reserves used, for
example, in Ehlers et al. (2014), Echenique and Yenmez (2012), Erdil and Kumano (2012),
Kominers and Sönmez (2012) and Hafalir et al. (2013). These papers attempt to satisfy the
diversity constraints by embedding them into the schools’ choice function.
When students have strict preferences, however, diversity objectives and student welfare
(when measured in terms of these preferences) may go in opposite directions. As a result,
unless student preferences and those objectives “agree” with each other, the use of the SPDA
procedure may fail to satisfy them (section 4 analyzes scenarios where this may happen).
By combining the use of the CPDA procedure with a choice function that satisfies substitutability and IRC, we are able to obtain assignments that implement (or approximate) those
diversity objectives in a wider range of scenarios while still satisfying a fairness criterion. To
the best of our knowledge, this is the first paper to suggest the use of the CPDA procedure
in this way.
Though not using the CPDA procedure, two other papers make a similar attempt to
satisfy distributional concerns in school assignments without having to rely on students’
preferences to do so. Ehlers et al. (2014) present, to the best of our knowledge, the first
mechanism that applies the diversity constraints as a distributional objective instead of an
advantage for some students.8 Since they look for mechanisms that are able to perfectly
satisfy those objectives, however, their results depend on a consistency between them and
the distribution of types in the population. Moreover, the outcome of their mechanism puts
7
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the responsibility for the implementation of the diversity objectives partially on the students
themselves: a student may not be able to be assigned to a school she prefers, which has an
empty seat available, if by doing so the diversity objectives in her assigned school would be
violated. Our mechanism presents improvements in both issues.
Troyan and Fragiadakis (2013) also presents a mechanism which has the objective of
implementing diversity objectives, focusing on the property, absent in Ehlers et al. (2014)
and in the present paper, of strategy-proofness. Strategy-proofness, however, comes at a
cost: their proposed mechanisms satisfies same-type fairness but is wasteful, that is, schools
may end up with empty seats that are desired by some students. Our mechanism, while not
strategy-proof, has fairness requirements that are stronger than same-type fairness9 and has
good incentives properties in large markets.
The paper proceeds as follows. Section 2 introduces the model and the basic definitions
of fairness and implementation of diversity. Section 3 presents the SPDiv mechanism and its
general properties. Section 4 presents the analytical results of the outcomes generated by the
SPDiv mechanism and student-proposing affirmative action mechanisms. Section 5 discusses
the incentives in the game induced by the SPDiv mechanism in large markets. Section 6
concludes. Proofs omitted from the main text can be found in the Appendix.

2

Model

D
@
A school choice with diversity problem consists of a tuple S, C, T, τ, q, q, ąS , ąC :
(
1. A finite set of students S “ s1 , . . . , s|S|
(
2. A finite set of schools C “ c1 , . . . , c|C|
3. A finite set of types T “ tt1 , . . . , tk u
4. A function τ : S Ñ T where τ psq is the type of student s . We denote by S t pIq the set
of students in I Ď S of type t, that is, S t pIq “ ts P I : t “ τ psqu.
5. A capacity vector q “ pqc1 , . . . , qcm q where qc is the capacity of school c P C.
qct is the
6. For each school c, a vector qcT “ pqct1 , . . . , qctk q of diversity objectives,
ř where
t
minimum
number of students with type t at school c, where tPT qc ď qc . Let
` T desired
˘
q “ q c1 , . . . .
`
˘
7. Students’ preference profile ąS “ ąs1 , . . . , ąs|S| , where ąs is a strict ranking over
C Y tsu, where s represents remaining unmatched to any school. If s ąs c, school c is
deemed unacceptable to student s.
`
˘
8. Schools’ priority profile ąC “ ąc1 , . . . , ąc|C| , which is a collection of complete and
strict rankings over the students in S Y H. If H ąc s, student s is deemed unacceptable
to school c.
9
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An assignment µ is a function from C Y S to subsets of C Y S Y tHu such that:
• µ psq P C Y tsu and |µ psq| “ 1 for every student s10
• |µ pcq| ď qc and µ pcq Ď S for every school c
• µ psq “ c if and only if s P µ pcq
For a student s, µ psq is the school to which s is assigned under µ, and for a school c,
µ pcq is the set of students that are assigned to school c under µ. For a given school choice
with diversity problem, we will denote by M the set of all assignments. A set of students
I Ď S enables diversity at school c if for all t P T , |S t pIq| ě qct . An assignment µ
fully implements diversity if for every school c, µ pcq enables diversity at c. If there is
an assignment µ˚ P M where µ˚ fully implements diversity, we say that diversity objectives
are feasible. We say that a student s justifiably claims an empty seat at school c
under the assignment µ if |µ pcq| ă qc and c ąs µ psq. An assignment µ is non-wasteful if
no student justifiably claims an empty seat at some school. An assignment is individually
rational if for every student s, µ psq ąs s and for every school c and every student s1 P µ pcq,
s1 ąc H. A traditionally desirable condition for an assignment to satisfy is that of having no
student that justifiably envies another. We define that formally, using the notion of fairness
in Balinski and Sönmez (1999):
Definition 1. A student s justifiably envies student s1 under the assignment µ, where
c “ µ ps1 q, if and only if c ąs µ psq and s ąc s1 . An assignment µ satisfies no justified envy
if no student justifiably envies another under µ. An assignment µ is fair if it is non-wasteful
and satisfies no justified envy.
A mechanism that chooses only assignments that satisfy no justified envy is one that
uses the priority ordering of a school as both an implementation of property rights and
as a public and verifiable instrument by which the public can assess the fairness of the
outcome.11 Although an assignment that is fair always exists (Gale and Shapley, 1962;
Balinski and Sönmez, 1999; Abdulkadiroğlu and Sönmez, 2003), an assignment that is fair
and fully implements diversity may not exist:
Proposition 1. There may be no fair assignment that fully implements diversity, even if
diversity objectives are feasible.
Proof. Consider the following school choice with diversity problem:
S “ ts1 , s2 u
T “ tt1 u
t1
S pSq “ ts1 u
ąs1 : c2 c1
ąs2 : c2 c1

C “ tc1 , c2 u
ąc1 : s2 s1
ąc2 : s2 s1

10

We will abuse notation and consider µ psq as an element of C, instead of a set with an element of C.
Assuming that both the priority ranking and the assignment are public information, a student can verify
whether a school that she ranked higher than her assigned school incorrectly accepted another student with
lower priority.
11
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` ˘
` ˘
Capacities are qc1 “ qc2 “ 1, diversity objectives are qcT1 “ qct11 “ p0q and qcT2 “ qct12 “
p1q. Consider the following assignments:
ˆ
˙
ˆ
˙
c1 c2
c1 c2
1
µ“
µ “
s1 s2
s2 s1
Diversity objectives are feasible, since the assignment µ1 fully implements diversity. The
unique fair assignment is µ, which doesn’t fully implement diversity.
Notice that in the example used in proposition 1, the reason why the assignment that
fully implements diversity isn’t fair is that the fairness criterion ignores diversity. That is,
if the definition of fairness incorporated a higher priority for students with type t whenever
the diversity objective associated with t is not yet satisfied, µ1 would be a fair allocation. In
order to accommodate these concerns, we first define a modification of the concept of justified
envy as follows:
Definition 2. A student s justifiably demands a seat in school c if c ąs µ psq and
either:
ˇ
ˇ
1. ˇS τ psq pµ pcqqˇ ă qct .
2. There is a student s1 P µ pcq such that τ ps1 q “ τ psq and s ąc s1 .
ˇ
ˇ 1
1
1
3. There is t1 P T and s1 P S t pµ pcqq such that ˇS t pµ pcqqˇ ą qct and s ąc s1 .
An assignment is fair with diversity if it is individually rational, non-wasteful, and if no
student justifiably demands a seat in any school.12
Put more informally, a student s justifiably demands a seat in a school c, which is preferred
by s to her assigned school, under three circumstances:
• She has a type associated with a diversity objective that isn’t currently being satisfied
at c.
• She has a higher priority than another student of her type who is assigned to c.
• She has a higher priority at c than some student whose acceptance wasn’t determined
by a diversity objective.
In order to obtain an assignment that is fair with diversity, therefore, a mechanism must first
focus on students that have a type that satisfies some diversity objective in a school up to
the point in which that objective is satisfied. Whenever the number of students of a type is
higher than the diversity objectives for that type, their normal priorities become the criterion
over which those students are selected. Every seat in a school that isn’t assigned because of
a diversity objective has priorities as the sole criterion of selection.
The set of fair with diversity assignments is a superset of the set of fair assignments that
fully implement diversity:
12
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Proposition 2. If µ is fair and fully implements diversity, then µ is also fair with diversity.
Proof. Since µ is non-wasteful, we only need to show that if µ is fair and fully implements
diversity then no student justifiably demands a seat in any school. Let s and c be such that
µ psq ‰ c,c ąs µ psq. We show why none of the three conditions in definition 2 is satisfied:
• Condition 1: Let t “ τ psq. Since µ fully implements diversity, |S t pµ pcqq| ě qct .
• Conditions 2 and 3: Since µ is fair, there is no s1 P µ pcq such that s ąc s1 .

The following result, however, shows that a fair with diversity assignment that fully
implements diversity may not exist even when diversity objectives are feasible:
Proposition 3. There may not be an assignment that is fair with diversity and fully implements diversity, even if diversity objectives are feasible.
Proof. Consider the following school choice with diversity problem:
S “ ts1 , s2 u
T “ tt1 u
S t1 pSq “ ts1 u
ąs1 : c1 c2
ąs2 : c2 c1

C “ tc1 , c2 u
ąc1 : s1 s2
ąc2 : s2 s1

` ˘
` ˘
Capacities are qc1 “ qc2 “ 1, diversity objectives are qcT1 “ qct11 “ p0q and qcT2 “ qct12 “
p1q. Consider the following assignments:
ˆ
˙
ˆ
˙
c1 c2
c1 c2
1
µ“
µ “
s1 s2
s2 s1
Diversity objectives are feasible, since the assignment µ1 fully implements diversity. The
unique fair with diversity assignment is µ, which doesn’t fully implement diversity.
Even though it is not always possible to obtain an assignment that fully implements
diversity, we would like to have the alternative of choosing one that is as “close” to that
objective as possible. In order to achieve that, we first propose the following partial order:
Definition 3. Let ąq be the partial order over the set of assignments M such that µ1 ąq µ
if :
1. For all c P C and t P T such that |S t pµ pcqq| ď qct , |S t pµ1 pcqq| ě |S t pµ pcqq| and
2. There are c1 P C and t1 P T such that |S t pµ pc1 qq| ă qct1 and |S t pµ1 pc1 qq| ą |S t pµ pc1 qq|.
Denote µ1 ąq µ if µ1 ąq µ is false.
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In other words, µ1 ąq µ if µ1 has less seats “reserved” for students of certain types occupied
by students that are not of those types when compared to µ. Notice that if µ1 ąq µ then
it cannot be the case that both µ1 and µ enable diversity in every school. As an example,
suppose that there is only one school c with 100 seats and the diversity objective says that at
least 50 of them should be occupied by minority students. If µ assigns 40 minority students
to c and µ1 assigns 45, then µ1 ąq µ. However, If µ2 assigns 51 minority students to c and µ3
assigns 55, both µ2 ąq µ3 and µ3 ąq µ2 . Increasing the number of minority students after
the diversity objective is satisfied doesn’t make an assignment greater with respect to ąq .
That is why we believe that this is the intuitive and correct method to compare assignments
with respect to how they satisfy diversity objectives.
We now formally define what it means to implement diversity in this framework.
Definition 4. An assignment µ implements diversity if µ is fair with diversity and there
is no assignment µ1 such that µ1 is fair with diversity and µ1 ąq µ. A mechanism implements diversity if for every school choice with diversity problem the assignment it generates
implements diversity.
An assignment µ thus implements diversity if µ either fully implements diversity or µ
does not fully implement diversity but there is no assignment that is fair with diversity and
“further satisfies” some diversity objective in some school without jeopardizing another in the
same or some other school.

3

The mechanism

We start by defining@ the choice function CDc : 2S Ñ 2S at school c for the school choice with
diversity problem S, C, T, τ, q, q, ąS , ąC . Fix any S 1 Ď S and let I Ď S 1 be the set of
students acceptable to c among S 1 . Cc pS 1 q is defined by the following procedure.
1. Step 0: If |I| ď qc , Cc pS 1 q “ I.
2. Step 1: If |S t1 pIq| ă qct1 , accept all students in S t1 pIq . Otherwise accept the top qct1
students in S t1 pIq with respect to ąc . Denote by Ψt1 pIq the set of students accepted
in this step.
..
.
3. Step 1 ă ` ď k ( the step associated with t` ): If |S t` pIq| ă qct` , accept all students in
S t` pIq . Otherwise accept the top qct` students in S t` pIq with respect to ąc . Denote by
Ψt` pIq the set of students accepted until step `.
..
.
4. Final step: If |Ψtk pIq| ă qc , accept the top qc ´ |Ψtk pIq| students in IzΨtk pIq with
respect to ąc .
11

The choice function above is, following the definitions in Echenique and Yenmez (2012), a
choice rule generated by reserves. It is also a generalization for multiple types of the choice
function proposed in Hafalir et al. (2013). We now proceed to show some important properties
of Cc .
Definition 5. A choice function C satisfies the substitutability condition if for all z, z 1 P X
and Y Ď X:
z R C pY Y tzuq ùñ z R C pY Y tz, z 1 uq
In a recent paper, Aygün and Sönmez (2012) show that when schools’ choices are primitives of the problem (as opposed to choice functions derived from preferences over sets of
students), substitutability is not sufficient for guaranteeing the existence of stable matchings.
A new condition, shown below, together with substitutability, suffices for the existence result.
Definition 6. A choice function C satisfies irrelevance of rejected contracts (IRC) if:
@I Ă S, @s P SzI

s R C pI Y tsuq ùñ C pIq “ C pI Y tsuq

Lemma 1. The function Cc satisfies the substitutability condition and IRC.
Proposition 4. Let I Ď S and c P C be such that every student in I is acceptable to school
c and for every t P T , S t pIq ě qct . Then Cc pIq enables diversity at c.
Proof. Suppose not. Then there is at least one type t P T such that |S t pCc pIqq| ă qct .
Suppose first that |I| ă qc . Then the choice procedure would accept all students in I in
step 0, which contradicts with |S t pIq| ě qct , so it must be that |I| ě qc and that the choice
procedure will run until the final step. Notice, however, that in the step associated with
type t, since |S t pIq| ě qct , the top qct students with respect to ąc are accepted, which is a
contradiction with |S t pCc pIqq| ă qct .
The proposition above shows that whenever the set of students available is such that
there are subsets of them which enable diversity at c, Cc selects one of them. As we show
in section 4, however, this does not guarantee that the outcome of a deferred acceptance
procedure fully implements diversity.
Lemma 2. Let |Cc pIq| ă qc and I 1 Ď I be the set of acceptable students for school c in I.
Then the following are true:
1. Cc pIq “ I 1 .
2. Cc pI Y tsuq “ Cc pIq Y tsu for any s P S if s is acceptable to c.
3. |Cc pI Y Jq| ą |Cc pIq| for any J Ă S such that for every s P J, s is acceptable to c ,
I X J ‰ H and I ‰ J.
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The results presented in the lemma above come easily from the definition of the procedure
for Cc , so we omit the proof.
An assignment µ is blocked by a student s if s ąs µ psq, and by a school c if µ pcq ‰
Cc pµ pcqq. Similarly, µ is blocked by a student-school pair ps, cq if µ psq ‰ c, c ąs µ psq
and s P Cc pµ pcq Y tsuq. An assignment µ is pairwise stable if it is not blocked by any
individual agent or any student-school pair. The following comes easily from Lemma 2:
Corollary 1. If µ is pairwise stable then µ is non-wasteful.
The result below establishes an identity between the set of assignments that are fair
with diversity and which are pairwise stable. This allows us to use well-known results and
properties of stable matchings in our analysis.
Lemma 3. An assignment µ is fair with diversity if and only if µ is pairwise stable.
The School-Proposing Diversity (SPDiv) mechanism that we propose consists of applying
the school-proposing deferred acceptance procedure described in Roth (1984) using Cc as the
schools’ choice function:
1. Step 1: Let Sc p1q “ S for all c P C
(a) Each school c proposes to the students in Cc pSc p1qq.
(b) Each student s that received a proposal from one or more schools accepts her most
preferred acceptable one according to ąs and rejects the rest of the schools. Let,
for all c P C, Rc p1q be the set of students who rejected school c at this step.
..
.
2. Step k: Let Sc pkq “ Sc pk ´ 1q zRc pk ´ 1q for all c P C.
(a) Each school c proposes to the students in Cc pSc pkqq.
(b) Each student s that received a proposal from one or more schools accepts her most
preferred acceptable one according to ąs and rejects the rest of the schools.
The procedure terminates at any step T in which no rejections are issued, and the resulting
assignment µ is such that for every school c, µ pcq “ Cc pSc pT qq as defined above. Students
that are not in the choice set of any school are left unmatched.
The following result extends a theorem in Roth (1984) for cases in which, as in this paper,
choice functions are the primitives instead of preference relations:
Lemma 4. Suppose that students’ preferences are strict and that the schools’ choice function satisfies the substitutability condition and IRC. Then the assignment µC which is the
outcome of the school-proposing deferred acceptance procedure is pairwise stable and schoolC
optimal
` C in the sense
˘ that for each school c and every pairwise stable assignment µ, µ pcq “
Cc µ pcq Y µ pcq .
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Lemma 5. Let µ and µ1 be fair with diversity assignments. If for every c P C, µ pcq “
Cc pµ pcq Y µ1 pcqq then µ1 ąq µ .
Proof. Suppose not. Then µ1 ąq µ and therefore there is c P C and t P T such that
|S t pµ pcqq| ă qct and |S t pµ1 pcqq| ą |S t pµ pcqq| . By Lemma 3, both µ pcq and µ1 pcq contain
only acceptable students for c, µ pcq “ Cc pµ pcqq and µ1 pcq “ Cc pµ1 pcqq.
If |µ pcq| ă qc , then by Lemma 2 and the fact that µ pcq ‰ µ1 pcq, |Cc pµ pcq Y µ1 pcqq| ą
|Cc pµ pcqq|. But then |Cc pµ pcq Y µ1 pcqq| ą |µ pcq| which implies µ pcq ‰ Cc pµ pcq Y µ1 pcqq, a
contradiction. Thus, |µ pcq| “ qc and the procedure for Cc pµ pcq Y µ1 pcqq finishes after the
final step.
Since |S t pµ1 pcqq| ą |S t pµ pcqq|, there is at least one student s1 P µ1 pcq such that τ ps1 q “
t and s1 R µ pcq . Since |S t pµ pcqq| ă qct , student s1 is accepted in the step associated
with t in Cc pµ pcq Y µ1 pcqq. As a consequence, s1 P Cc pµ pcq Y µ1 pcqq and thus µ pcq ‰
Cc pµ pcq Y µ1 pcqq, a contradiction.
Putting it all together we get our main result:
Theorem 1. The SPDiv mechanism implements diversity.
Proof. Let µC be the outcome of the SPDiv mechanism. By lemmas 1 and 4, µC is pairwise
stable and thus, by Lemma 3, µC is fair with diversity. By lemmas 4 and 5, for any fair with
diversity assignment µ1 , µ1 ąq µC . As a consequence, µC implements diversity.

4

Comparative Analysis

The purpose of the SPDiv mechanism is to attain a school assignment that is not only fair but
approximates, as much as possible, the assignment to the diversity objectives. In this section
we show how it compares to an afirmative action mechanism based on the student-proposing
deferred acceptance procedure. We consider a generalization for multiple types of students
of the Deferred Acceptance with Minority Reserves (DAMR) mechanism, proposed in Hafalir
et al. (2013)13 . That mechanism expands the access that some students have to every school
(thus being an affirmative action mechanism). This is done by reserving certain seats in each
school for certain types of students, but converting them into regular ones when those are
not claimed by those students. Although this mechanism may help minorities obtain seats
in more competitive schools, in a sense it outsources to their choices the responsibility of
obtaining diverse school cohorts.
In order to evaluate the assignments in terms of the distribution of students across schools,
we define two classes of assignments that represent the two extremes: one in which students
are completely segregated by their types (assignments that maximize segregation) and one
13

We use a simple extension of the DAMR mechanism to accommodate for more than one type of student
(Hafalir et al., 2013 consider only two types: minority and majority). This extension can also be found in
Echenique and Yenmez (2012) and is a special case of the Deferred Acceptance Procedure with Soft Bounds in
Ehlers et al. (2014), where there are no upper quotas. See also Kominers and Sönmez (2012) and Westkamp
(2013) for more generalizations.
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in which the distribution of types in the set of students in each school is identical to the
distribution of the population as a whole (assignments that minimize segregation). Although
it is not necessarily the case that those are the designer’s diversity objectives, the ability
of the mechanism to attain such an objective is a good measure of how successful it is for
general objectives. We now define those formally and give simple examples of both:
Definition 7. An assignment µ maximizes segregation if for every school c P C, s, s1 P
µ pcq ùñ τ psq “ τ ps1 q .
Definition 8. Diversity
^objectives mirror the population distribution if for every c P C
Z
t
qc |S pSq|
and t P T , qct “
. An assignment µ minimizes segregation if µ fully implements
|S|
diversity when the diversity objectives mirror the population distribution.
Example 1. Suppose that C “ tc1 , c2 u, S “ ts1 , s2 , s3 , s4 u, T “ tt1 , t2 u, S t1 pSq “ ts1 , s2 u
and S t2 pSq “ ts3 , s4 u. The assignment µ, where µ pc1 q “ ts1 , s2 u and µ pc2 q “ ts3 , s4 u
maximizes segregation, while the assignment µ1 , where µ1 pc1 q “ ts1 , s3 u and µ pc2 q “ ts2 , s4 u,
minimizes segregation.
We denote the partition of the students by type by S “ S1 Y ¨ ¨ ¨ Y Sk , where for every
i P t1, . . . , ku and s P Si , τ psq “ ti . We consider a simplified configuration in which the
number of students of each type is the same, that is, |Si | “ |Sj | for all i, j, every school
has the same capacity q and the number of seats in schools equals the number of students
(|S| “ q |C|). In order to avoid issues related to fractional values throughout the analysis we
will, for any given value of k (the number of types of students), assume that the number of
students is such that |S| “ n1 n2 k 2 and that the number of schools is such that |C| “ n2 k,
i|
“ n1 .
for some n1 , n2 P N. As a result, q “ n1 k and for every i, |Si | “ n1 n2 k and q|S
|S|
Our first result shows that the SPDiv mechanism generates assignments that minimize
segregation regardless of students’ preference profiles or schools’ priorities.
Theorem 2. Every assignment generated by the SPDiv mechanism minimizes segregation
when the diversity objectives mirror the population distribution.
Theorem 2 shows that the SPDiv mechanism is typically effective in the task for which it
was designed. For the other mechanisms the results are not as general, and some restrictions
on students’ preferences and/or schools’ priorities are necessary in order to obtain positive
results. Regarding students’ preferences, we consider two scenarios. The first scenario below
is one in which students of each type have an exclusive set of schools that are preferred by
those students to all other schools. The preferences among those schools or the preferences
among all other schools are not specified. This class of preferences accommodates, among
other things, a situation that is commonly observed: students (and their parents) have a
preference for schools that have, historically, a significant proportion of students of their own
type.
Scenario 1. (Favorite schools for each type) There is a partition of schools C “ C1 Y¨ ¨ ¨YCk
where |C1 | “ ¨ ¨ ¨ “ |Ck | and for every student si P Si and j ‰ i it follows that ci P Ci and
cj P Cj implies ci ąsi cj .
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Now we define a scenario in which the set of schools can be partitioned such that the
preference among schools in different partitions is perfectly correlated across students, but
not between schools in them. This is common when, for example, schools in wealthier neighborhoods are perceived as being better than those in less wealthy neighborhoods.
Scenario 2. (Tiered schools) There is a partition of schools C “ C1 Y ¨ ¨ ¨ Y Ca , where a ě k,
where |C1 | “ ¨ ¨ ¨ “ |Ca | and for every student s P S, schools ci P Ci and ci`1 P Ci`1 , student
s’s preferences are such that ci ąs ci`1 .
The following property connects DAMR outcomes with the set of fair with diversity
assignments:
Lemma 6. Every assignment µ generated by the DAMR mechanism is fair with diversity.
Proof. By Lemma 1 and Theorem 1 in Aygün and Sönmez (2012), µ is stable (and thus
pairwise stable). Thus by Lemma 3 µ is fair with diversity.
We now consider the application of the DAMR mechanism in those different scenarios:
Proposition 5. Every assignment generated by the DAMR mechanism maximizes segregation
in scenario 1.
It is easy to see that the result in proposition 5 applies not only to the DAMR mechanism,
but to any mechanism that uses the student-proposing deferred acceptance procedure when
the school’s choice function satisfies the substitutability condition and the law of aggregate
demand.
Proposition 6. Let µ be an assignment generated by the DAMR mechanism when the diversity objectives mirror the population distribution, and let C ˚ Ď C be˚ the set of schools such
.
that if c˚ P C ˚ , µ pc˚ q enables diversity in c˚ . Then in scenario 2 |C|C|| ě a´1
a
It is important to observe that the result in proposition 6 does not say that as the number
of students or schools grows the proportion of schools which enable diversity converges to 1,
since k is the number of student types which have some diversity objective associated with
it. In fact, the lower-bound in the proposition may be binding. As a result, in a situation
where there are only two types of students (minority and majority), for example, half of the
schools may constitute a totally segregated subset of them, as shown in the example below.
Example 2. Consider the following school choice with diversity problem:
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S “ ts1 , s2 , s3 , s4 , s5 , s6 , s7 , s8 u
T “ tt1 , t2 u
t1
S pSq “ ts1 , s2 , s3 , s4 u
S t2 pSq “ ts5 , s6 , s7 , s8 u
ąs1 : c1 c2 c3 c4
ąs2 : c2 c1 c3 c4
ąs3 : c1 c2 c3 c4
ąs4 : c2 c1 c3 c4
ąs5 : c1 c2 c3 c4
ąs6 : c2 c1 c3 c4
ąs7 : c1 c2 c4 c3
ąs8 : c2 c1 c4 c3

C “ tc1 , c2 , c3 , c4 u

ąc1 : s1
ąc2 : s1
ąc3 : s1
ąc4 : s1

s2
s2
s2
s2

s3
s3
s3
s3

s4
s4
s4
s4

s5
s5
s5
s5

s6
s6
s6
s6

s7
s7
s7
s7

s8
s8
s8
s8

Capacities are qc “ 2, diversity objectives are qctij “ 1, for all i P t1, 2u and j P t1, 2, 3, 4u.
The assignment generated by the DAMR mechanism is µ, as follows:
˙
ˆ
c1
c2
c3
c4
µ“
s1 , s5 s2 , s6 s3 , s4 s7 , s8
Note that both µ pc1 q and µ pc2 q enable diversity in those schools but the remaining
population is segregated: to school c3 only students of type t1 are assigned and to school c4
only students of type t2 .
When a “ |C|, that is, the set of schools is partitioned such that each partition has only
one school, the preferences in scenario 2 are equivalent to a situation in which all students
have the same preferences among schools. It is easy to see that proposition 6 leads to the
following corollary:
Corollary 2. Every assignment generated by the DAMR mechanism minimizes segregation
when all students have the same preferences.
The value of a in scenario 6 indicates, in a way, the degree of correlation among students’
preferences over schools: the larger the value of a, the more similar they are. Proposition 6
shows, therefore, that the DAMR mechanism may be an adequate choice of mechanism in
situations where students’ preferences follow, for example, a widely known ranking, but less
so when preferences are more heterogeneous.

5

Incentives

A desirable property for a mechanism is that of strategy-proofness. A mechanism is strategyproof if truth-telling is a weak dominant strategy for the game induced by the mechanism
in its participants (in this case, students) where the strategies are the stated preferences
over schools. Unfortunately, this is not the case of the SPDiv mechanism, as shown by the
following example.
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Example 3. Consider the following school choice with diversity problem:
S “ ts1 , s2 u
T “ tt1 u
S t1 pSq “ ts1 , s2 u
ąs1 : c2 c1
ąs2 : c1 c2

C “ tc1 , c2 u
ąc1 : s1 s2
ąc2 : s2 s1

` ˘
` ˘
Capacities are qc1 “ qc2 “ 1, diversity objectives are qcT1 “ qct11 “ p0q and qcT2 “ qct12 “
p0q. Consider the following assignments:
ˆ
˙
ˆ
˙
c1 c2
c1 c2
1
µ“
µ “
s1 s2
s2 s1
If students truthfully submit their preferences, the outcome of the SPDiv mechanism is
µ. Now suppose that student s1 manipulates its preference and submits ą1s1 , where c2 ą1s1
H ą1s1 c1 , that is, under ą1s1 school c1 is unacceptable. In this case the outcome of the SPDiv
mechanism will be µ1 , under which s1 is assigned to school c2 . Thus, by misrepresenting her
preferences, s1 is assigned to a more preferred school.
Not being strategy-proof, however, is a property not only of the SPDiv mechanism, but
of any mechanism that implements diversity, as we show in the theorem below.
Theorem 3. There is no mechanism that implements diversity and is strategy-proof
There is evidence that suggests, however, that successful manipulations of stable mechanisms are rare in the presence of a large number of participants or under low information
environments. Roth and Peranson (1999) show, in an empirical study, that only about 0.01%
of doctors would be able to successfully manipulate the mechanism for the National Resident Matching Program, which is a non-strategy-proof stable mechanism, like the SPDiv.
Theoretical work on big markets also add to this evidence. Immorlica and Mahdian (2005)
and Kojima and Pathak (2009) show that under certain regularity assumptions on other
agents’ preferences, the number of players that have profitable deviations converges to zero
as the number of participants grows in marriage markets (one-to-one matching) and college
admissions (many-to-one matching) when colleges are the ones manipulating their priorities
or capacities.
In the following sections we give an argument for why we shouldn’t expect students to
manipulate their preferences when the SPDiv mechanism is used. We show that the expected
benefits of manipulating the SPDiv mechanism are reduced to an arbitrarily small value as
the number of students grows.

5.1

Large markets

The concept that we will use for incentives in large markets is that of Strategy-proofness
in the Large (SP-L), introduced in Azevedo and Budish (2013). A mechanism is SP-L if
for any student, full-support iid distribution over other students’ reports and ε ą 0, there
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is a large enough market such that the student maximizes her expected utility to within ε
by reporting her preferences truthfully. One of the reasons why SP-L can be considered a
good alternative to strategy-proofness in large markets is that when classifying existing nonstrategy-proof mechanisms in the literature, those who were not SP-L coincided with those
with explicit empirical evidence that agents were strategically manipulating their preferences,
as, for example, the well-known Boston Mechanism (Abdulkadiroğlu et al., 2006). Those
which were classified as SP-L, such as the Gale-Shapley deferred acceptance mechanism, for
example, however, have been shown to have approximate incentives for truth-telling in large
markets (Immorlica and Mahdian, 2005; Kojima and Pathak, 2009).
Our definition of the formal model for the large market extension of the SPDiv mechanism
is based on a similar result in Troyan and Fragiadakis (2013), in which they show that their
proposed EDQDA mechanism is SP-L. 14
For the following results we will consider a sequence of economies indexed by n P N, with
n
S corresponding to the set of students, where |S n | “ n . The set of student types T and of
schools C is fixed for all n, but the number of seats in each school may grow as n increases.
Students’ types are defined, for each n, by a function τ n : S n Ñ T . There is a finite set of
priority classes Z “ t1, . . . , |Z|u and, for each school c P C, a partition of the set of student
c,n
into those classes: S n “ S1c,n Y ¨ ¨ ¨ Y S|Z|
. For each student s, let zs P Z |C| denote the vector
of priority classes with which student s is associated at each school in C. School c’s priorities
between students s, s1 P S n follow the order of that partition in the sense that if s P Sic,n ,
s1 P Sjc,n and i ‰ j then s ąc s1 ðñ i ă j, for all n. For a given type-priority-class pair
pt, zq, the number of students of each type-priority-class pair, denoted npt,zq grows according
to some fixed sequence, so that npt,zq Ñ 8 as n Ñ 8 for any pt, zq P T ˆ Z |C| .
Since the set of schools is fixed, there is a finite set of preference types A. Each type a P A
has associated with it a von Neumann-Morgenstern expected utility function over lotteries
over schools ua : ∆C Ñ r0, 1s. The set of preference types A is such that for each preference
ranking ąi over the elements of C Y tHu there is a type ai P A such that uai represents the
ordinal preferences in ąi over degenerate lotteries over C Y tHu15 . Define group types as the
set G “ T ˆ A ˆ Z |C| . Denote the group type of a student s by gs P G. Given the setup for
the economies, we can proceed to the key definitions that are used in this section.
Definition 9. Fix a set of
C, a sequence of capacity vectors pqn qN and of correspond˘
` schools
ing diversity objectives qn N . A school choice with diversity mechanism tpϕn qN , Gu is a
sequence of allocation functions ϕn : Gn Ñ ∆ pC n q such that for every n P N and g P Gn ,
every element in the support of ϕn pgq is feasible with respect to qn . 16
Denote by ϕns pgs , g´s q the marginal distribution of ϕn pgs , g´s q in student s’s dimension.
We can now define, from the perspective of a student s, the individual allocation function
14
Unlike their case, however, no assumption on a consistency between diversity objectives and the distribution of types of the population is necessary here.
15
For simplicity of notation in this section we represent by H the possibility of remaining unmatched to
any school.
`
˘
16
Formally, let qn “ qcn1 , . . . , qřcnm . An element pφ1 , . . . , φn q P C n in the support of ϕn pgq is feasible with
n
respect to qn if for every c P C, i“1 1φi “c ď qcn .

19

that is induced by the mechanism and a distribution with full support over preference types
m P ∆A, given that her type is τ n psq and her priority class is zs :
ÿ
φns pas , mq “
ϕns ppτ n psq , as , zs q , g´s q ¨ P r pg´s |a´s „ iid pmqq
g´s PGn´1

Notice that the values of τ n psq and zs are not arguments of the function, as opposed to
as . This is because students are assumed to be able to manipulate their preference reports
but not their types or priority classes. Moreover, by the definition of each economy n, z´s
and t´s are fixed and therefore g´s depends only on the realization of a´s . The definition of
strategy-proofness in the large is therefore made in terms of the manipulation of the value of
as for a given pτ n psq , zs q:
Definition 10. (Azevedo and Budish, 2013) A school choice with diversity mechanism
tpϕn qN , Gu is strategy-proof in the large (SP-L) if, for any ε ą 0 and any m P ∆A,
there exists n0 such that for all n ě n0 , all pt, zq P T ˆ Z and all a, a1 P A:
“
‰
“
‰
ua φnpt,zq pa, mq ě ua φnpt,zq pa1 , mq ´ ε
Consider now the following version of the SPDiv mechanism, defined for each economy
n. In the first stage, each student s submits her rankings ąs over C Y tHu. In the second
stage, the lottery vector ` P r0, 1sn is uniformly drawn at random and for each school c P
C, the priorities over S n for each school are constructed using the following procedure.
Priorities between students in different priority classes follow the procedure given in their
definitions above. For students in the same priority classes, higher lottery numbers imply
higher priorities. Therefore, if s, s1 P Sic,n then s ąc s1 ðñ `s ą `s1 . Given students’
preferences ąS n , schools’ priorities ąC and economy n as described, the SPDiv mechanism
is used to produce a school assignment, as described in section 3.
Let µn ppgi , `i qiPS n q be the matching generated by the SPDiv mechanism for economy n,
vector of group types g P Gn and lottery vector ` P r0, 1sn . Define the function Mn pgq as
follows:
ż
n
M pgq “
µn ppgi , `i qiPS n q d`
lPr0,1sn

That is, Mn is the school choice with diversity mechanism that results from the procedure
described above to assign schools to students. We can now proceed to the main result:
Theorem 4. The school choice with diversity mechanism tpMn qN , Gu is strategy-proof in
the large.

6

Conclusion

This paper proposes a school choice mechanism that incorporates diversity objectives both
as a distributional concern and as an element of fairness. Whereas most of the literature
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on the subject focuses on giving the students, through their preferences, the possibility to
obtain more diverse school cohorts, very few mechanisms make an explicit attempt to enforce
them to some extent. The proposed SPDiv mechanism generates an assignment that is as
close as possible to the distribution implied by the diversity objectives while requiring that
such an assignment satisfies a well-defined fairness criterion. This property is achieved by
using the school-proposing deferred acceptance procedure when selecting a stable matching
instead of the widely used student-proposing version. Analytical results show a general ability
of the proposed mechanism for satisfying those objectives, as opposed to other mechanisms
proposed in the literature.
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A

Appendix

Proofs
Lemma 1
We first show that Cc satisfies substitutability. Suppose not, and consider the notation used
in the definition of the choice function above. Then there exists S 1 Ă S and si , sj R S 1
where si R Cc pS 1 Y tsi uq and si P Cc pS 1 Y tsi , sj uq. For the rest of this proof we will assume,
without loss of generality, that si , sj and all students in S 1 are acceptable for school c.
Let ti “ τ psi q, tj “ τ psj q and define Sc ps, Iq ” ts1 P I : s1 ąc su, that is, Sc ps, Iq is set of
students in I that have a higher priority in school c than student s . For simplicity of notation,
t
1
t
1
1
t
t
ˇ S1 ” Sc psi , S pS Y tsi uqq and S2 ” Sc psi , S pS Y tsi , sj uqq. Since si R Cc pS Y tsi uq,
ˇdenote
ˇ ti ˇ
ˇS1 ˇ ě qct . Moreover, let q ˚ be the number of students accepted in the final step of the
procedure for Cc pS 1 Y tsi uq.
Since for any t it is true that S t pS 1 Y tsi uq Ď S t pS 1 Y tsi , sj uq, it easily follows that
c
S1ti Ď S2ti . That is, the set of students of type ti that have higher priority than
ˇ ˇ si in
ˇ school
ˇ
ˇ ti ˇ ˇ ti ˇ
ti
1
1
in S Y tsi u is a superset of those in S Y tsi , sj u and thus it follows that ˇS2 ˇ ě ˇS1 ˇ ě qc .
As a consequence, student si is not accepted from S 1 Y tsi , sj u between steps 1 and t.
It must be then that si is accepted in the final step of the procedure. We will consider the
three circumstances under which sj could be accepted. Suppose first, that sj is accepted in
step j (the one associated
tj ). Then˘either Ψtj pS 1 Y tsi , sj uq “ Ψj pS 1 Y tsi uqYtsj u
` with type
1
1
or Ψtj pS Y tsi , sj uq “ Ψtj pS Y tsi uq z tsk u Y tsj u for some sk P S tj pS 1 Y tsi uq. In the
former case:\myCF
Sc psi , pS 1 Y tsi , sj uq zΨtk pS 1 Y tsi , sj uqq “ Sc psi , pS 1 Y tsi uq zΨtk pS 1 Y tsi uqq
That is, the set of students that had not yet been accepted by the end of step k that have
higher priority in school c than si is the same as in S 1 Y tsi , sj u and so si is not accepted in
the final step. In the latter case:
Sc psi , pS 1 Y tsi , sj uq zΨtk pS 1 Y tsi , sj uqq Ě Sc psi , pS 1 Y tsi uq zΨtk pS 1 Y tsi uqq
The procedure will accept q ˚ students from S˚1 Sc psi , pS 1 Y tsi , sj uq zΨtk pS 1 Y tsi , sj uqq in the
final step and thus si will again not be accepted. Finally, if sj isn’t accepted in step j, then:
Sc psi , pS 1 Y tsi , sj uq zΨtk pS 1 Y tsi , sj uqq Ě Sc psi , pS 1 Y tsi uq zΨtk pS 1 Y tsi uqq
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The procedure will accept q ˚ students from S ˚1 in the final step and thus si is not accepted.
Contradiction with si P Cc pS 1 Y tsi , sj uq.
We now show that Cc satisfies the law of aggregate demand, which is a property of a
choice function where S 2 Ă S 1 Ď S implies |C pS 1 q| ě |C pS 2 q|. To see that, first note that
the addition of unacceptable students has no effect on the number of students accepted and
thus the analysis can focus only on sets of acceptable students. If |S 1 | ă qc then all students
in S 1 or S 2 are accepted and thus |Cc pS 2 q| ă |Cc pS 1 q| ď qc . If |S 1 | ě qc then |Cc pS 1 q| “ qc ,
and since Cc never accepts more than qc students, the property is satisfied.
As shown in Aygün and Sönmez (2012), if a choice function satisfies substitutability and
the law of aggregate demand, it also satisfies IRC.
Lemma 3
If µ is pairwise stable then µ is fair with diversity.
First, note that µ is individually rational by the definition of pairwise stability and the step
0 that eliminates all unacceptable students in Cc . Suppose that µ is not fair with diversity.
Since µ is non-wasteful it must then be that a student s justifiably demands a seat in a school
c, which implies that µ psq ‰ c and c ąs µ psq. By pairwise stability, s R Cc pµ pcq Y tsuq.
By non-wastefulness,|µ pcq| “ qc and thus while obtaining Cc pµ pcq Y tsuq, the procedure
only finishes after the final step. We will now show that every condition in which a student
justifiably demands a seat will lead to a contradiction:
t “ τ psq and |S t pµ pcqq| ă qct . But then |S t pµ pcq Y tsuq| ď qct and s is accepted at the
step of the procedure for Cc associated with t. Contradiction with s R Cc pµ pcq Y tsuq.
There is a student s1 P µ pcq such that τ ps1 q “ τ psq and s ąc s1 . Let t “ τ ps1 q “ τ psq.
Since s R Cc pµ pcq Y tsuq and s ąc s1 , s1 isn’t accepted in the step associated with t of the
procedure, otherwise s would also be accepted. The same holds for the final step. But then
s1 R Cc pµ pcq Y tsuq, which implies that |Cc pµ pcq Y tsuq| ă qc , contradicting lemma 2.
There is t P T and s1 P S t pµ pcqq such that |S t pµ pcqq| ą qct and s ąc s1 . Using the same
notation used in the description of the procedure for Cc , Ψt pµ pcqq is the set of students
in S t pµ pcqq accepted during the step associated with t in Cc pµ pcqq and denote, additionally, Ψ˚ pµ pcqq be the set of students accepted during the final step of Cc pµ pcqq. Since
|S t pµ pcqq| ą qct , |S t pΨ˚ pµ pcqqq| ą 0. By the description of the step associated with t in
the procedure for Cc , Ψt pµ pcqq contains the top qct students in S t pµ pcqq with respect to
ąc and thus for any si P Ψt pµ pcqq and sj P S t pΨ˚ pµ pcqqq, si ąc sj . Since s ąc s1 , if
either s1 P Ψt pµ pcqq or s1 P S t pΨ˚ pµ pcqqq, s ąc s2 for some s2 P S t pΨ˚ pµ pcqqq and thus
since s R Cc pµ pcq Y tsuq, s2 R Cc pµ pcq Y tsuq, implying |Cc pµ pcq Y tsuq| ă qc , once again a
contradiction of lemma 2.
If µ is fair with diversity then µ is pairwise stable.
Suppose that µ is fair with diversity but that it is not pairwise stable. Then µ is blocked
by a student, a school or a student-school pair. We’ll examine each possibility:
µ is blocked by a student, that is, s ąs µ psq. But then µ is not individually rational.
Contradiction with µ being fair with diversity.
µ is blocked by a school s, that is, µ pcq ‰ Cc pµ pcqq. Since µ pcq Ď Cc pµ pcqq and
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µ pcq ‰ Cc pµ pcqq, µ pcq Ă Cc pµ pcqq and thus |µ pcq| ă qc . Since µ is fair with diversity,
all students in µ pcq are acceptable to c and by Lemma 2 µ pcq “ Cc pµ pcqq, which is a
contradiction.
µ is blocked by a student-school pair ps, cq, that is, µ psq ‰ c, c ąs µ psq and s P
Cc pµ pcq Y tsuq. Since µ is fair with diversity, |µ pcq| “ qc and s doesn’t justifiably demand a seat in c. We will show that s couldn’t be accepted in any step of the procedure for
Cc pµ pcq Y tsuq. Since |µ pcq Y tsu| ą qc , s cannot be accepted in step 0 of the procedure for
Cc . Let t “ τ psq. In order for s to be accepted in the step associated with t, then either
|S t pµ pcqq| ă qct or there is a student s1 P S t pµ pcqq such that s ąc s1 . Both possibilities
contradict µ being fair with diversity, more specifically the first two items in the definition of
when a student justifiably demands a seat in a school. It must then be that s is accepted in
the final step and thus there is a student s1 P µ pcq that is accepted in the final step that will
be replaced by s. This can only be true if s ąc s1 . Notice that all studentsˇ acceptedˇ in the
1
1
final step are in “excess” of their diversity objectives, that is, if t1 “ τ ps1 q, ˇAt pµ pcqqˇ ą qct .
But then we have a contradiction with the third item in the definition cited above.
Lemma 4
This proof consists of reproducing the steps in the same result given in Roth (1984) under the
more general assumption that the primitives are choice functions that satisfy substitutability
and IRC instead of choice functions derived from preferences over sets of students.
Proof. We make use of the following results in Roth (1984), which remain valid without
assuming IRC:
Lemma A.1. (Roth, 1984) Let s˚ P S1 and s˚ P Cc pS1 Y S2 q. Then s˚ P Cc pS2 Y ts˚ uq.
Proposition A.1. (Roth, 1984)Offers remain open: for every school c, if s P Cc pSc pk ´ 1qq
and is not rejected by student s in step k ´ 1, then s P Cc pSc pkqq.
Proposition A.2. (Roth, 1984)Rejections are final: If s rejects school c at step k, then for
any p ě k student s would reject another proposal from c. In other words, if s ppq is the set of
schools that propose to student s at step p, she would never choose c out of ttsu Y s ppq Y tcuu.
For the next steps of the proof, however, in order to not have to assume that the choice
functions are derived from strict preferences over sets of students, we derive the results by
assuming that the choice function satisfies IRC. We will use the following lemma:
Lemma A.2. Let C satisfy IRC and let X Ď S and Y “ C pXq . Then, for any Z Ď XzY ,
C pY Y Zq “ C pY q.
Proof.
Let Z ”
`
˘ Xz pZ Y Y q, Z “ tz1 , z2 , . . . , zn u and Z “ tz 1 , z 2 , . . . , z m u . Then C pXq “
C Y Y`Z Y Z “ ˘C pY Y tz 1 , z 2 , . . . , z m´1 , z1 , z2 , . . . , zn u Y tz m uq. Since z m R C pXq, by
IRC C Y Y Z Y Z “ C pY Y tz 1 , z 2 , . . . , z m´1 , z1 , z2 , . . . , zn uq. Repeating this step for each
element of Z, we get that C pXq “ C pY Y Zq. And repeating now for the elements in Z, we
get C pY Y Zq “ C pY q.
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Proposition A.3. The outcome of the school-proposing deferred acceptance procedure above
is (pairwise) stable.
Proof. Let µC be the outcome of the procedure. First, note that for every student
s,˘ µC psq ľs
`
C
C
s, otherwise µC psq would have been rejected by s. Now
` suppose
˘ that Cc µ Cpcq ‰ µ pcq.
C
Then there is s such that s P Cc pSc pT qq but s R Cc µ `pcq . But
µ pcq Ď Sc pT q
˘ since
C
C
this would violate substitutability of Cc , and therefore Cc µ pcq “ µ pcq.` Now suppose
˘
that there is a student s and school c such that c ąs µC psq and s P Cc µC pcq Y tsu .
By the assumption and propositions 1 and 2, student s didn’t reject any proposal from
school c, and therefore s P Sc pT q. Denote RT ”`Sc pT q z pCc pSc pT qq
˘Sc pT q “
˘ Y tsuq.` Then
T
C
Y
R
pcq
tsu
. Since
µC pcq Y RT Y tsu, and therefore µC pcq ` “ Cc µC pcq
Y
“
C
µ
c
˘
` C ˘
T
C
students
` Cin R are ˘rejected, by IRC Cc µ pcq Y tsu “ Cc µ pcq . Contradiction with
s P Cc µ pcq Y tsu .
Proposition A.4. The outcome of the procedure above, µC , is` school-optimal
˘ in the sense
that, for each school c and every stable outcome µ, µC pcq “ Cc µC pcq Y µ pcq .
˚
C
Proof.
˘ Then there exists a stable outcome µ and a school c such
` Cthat µ ˚pcq ‰˘
` C Suppose˚ not.
Cc µ pcq Y µ pcq . We first show that there is at least one student s P Cc` µ pcq Y µ pcq˘
such that s R µC pcq `and s P µ˚ pcq. ˘If that isn’t the case, since µC pcq ‰ Cc µC pcq Y µ˚ pcq ,
it must be that Cc µC`pcq Y µ˚ pcq Ĺ˘ µC pcq.` But ˘then all students in µ˚ pcq are rejected
and by Lemma A.2 Cc µC pcq Y µ˚ pcq “ Cc µC pcq “ µC pcq, where the second equality is
proved in proposition A.3 and therefore constitutes a contradiction.
Next, we will show that no student will reject an achievable school during the deferred
acceptance procedure. We say that school c is achievable to student s if there exists a
stable matching µ1 where µ1 psq “ c. The proof is by induction on the steps of the deferredacceptance procedure. By induction assumption, up to step k ´ 1 no student rejected any
achievable school. Now suppose that student s rejects school c, which is achievable for her,
in favor of another school c1 . It must then be that c1 ąs c. Moreover, since school c is
achievable to s, there exists at least on stable matching µ1 in which µ1 psq “ c. Since up
to step k ´ 1 no student rejected an achievable school, no student in SzSc1 pkq can be in
µ1 pc1 q and therefore µ1 pc1 q Ă Sc1 pkq. But since student s rejected school c in favor of c1 at
step k, it must be that s P Cc1 pSc1 pkqq. Since µ1 is stable, µ1 pcq “ Cc1 pµ1 pcqq. We have,
therefore, s R Cc1 pµ1 pcqq, µ1 pc1 q Ă Sc1 pkq and s P Cc1 pSc1 pkqq, which is a contradiction with
Cc1 satisfying substitutability.
Given that, it must then be that all students who have c as achievable remain available
until the last step of the algorithm and therefore µ˚ pcq Ă Sc pT q. Since µC pcq “ Cc pSc pT qq Ă
Sc pT q, we can rewrite this as:

`
`
˘ `
˘˘
µC pcq “ Cc µC pcq Y µ˚ pcq Y µ˚ pcq zµC pcq Y Sc pT q zµC pcq
By Lemma A.2:
`
`
˘ `
˘˘
`
˘
Cc µC pcq Y µ˚ pcq Y µ˚ pcq zµC pcq Y Sc pT q zµC pcq “ Cc µC pcq Y µ˚ pcq
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˘
`
That is, µC pcq “ Cc µC pcq Y µ˚ pcq which is a contradiction with our initial assumption.

Theorem 2
We will split the analysis for each type and show that during the deferred acceptance process,
each school will be accepted by n1 students of each type, thus leading to an assignment
that fully implements diversity. Suppose, for contradiction, that schools’ diversity objectives
mirror the population distribution (so that for every ti P T qcti “ n1 ) but the assignment µ
generated by the SPDiv mechanism doesn’t minimize segregation. Then there is a school
c P C and a type ti P T such that |S ti pµ pcqq| ă n1 . It must then be that at some step ` in
the deferred acceptance procedure of the SPDiv mechanism the set of students of type ti that
rejected school c has more than pn1 ´ 1q n2 k elements. Without loss of generality, let ` be the
earliest step at which this happens to some school for any type (c may or may not be the only
school for which that happens during step `.) Since students consider all schools acceptable,
all those students rejected c because another school proposed simultaneously. By proposition
2 in Roth (1984), offers made by schools during the deferred acceptance procedure remain
open. That is, if a student receives an offer during a step of the procedure, it may change
its assignment over time, but will not become unmatched at any subsequent step. Therefore,
those students who rejected c are assigned to other schools. But then at least one school
c1 P C, with c1 ‰ c proposed to more than n1 students of type ti during step `. This can
only happen if some student of type ti is accepted during the final step of the procedure for
the choice function Cc1 . This implies that at the step associated with some type tj ‰ ti
the number of students of type tj that rejected c1 at some step earlier than ` is greater than
pn1 ´ 1q n2 k. Contradiction with ` being the earliest step at which this happened.
Proposition 5
In order to show this, it is sufficient to show that, for any given i, every student si P Si
is accepted by some school in Ci . Now suppose that there is a student si P Si that is not
assigned to any school in Ci . Since all schools in Ci are preferred by si to any other schools,
this implies that si was rejected by all schools in Ci . Since every student is acceptable by all
schools and all students in Si have the same type, every school c will simply accept the top
qc students according to ąc or all students in case the number of those pointing to c is lower
than qc . Thus, the only way in which a student is rejected by a school is if that school has
already accepted qc students. Notice that since Cc satisfies the law of aggregate demand (see
the proof of Theorem 3), by the end of each step of the procedure the number of accepted
students in each school never decreases. Thus, by the end of step 1, since si was rejected by
her first choice, at least qc students in Si were accepted by schools in Ci1 . By the end of step
2, at least 2qc students are accepted, since the school mentioned in step 1 will still accept
qc students by the end of step 2, and the second-best school for si also accepts qc students.
By repeating the argument, by the end of step |Ci |, at least |Ci | qc students were accepted in
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the first |Ci | steps. But notice that during the first |Ci | steps, students in Sj could have only
pointed to schools in Cj , for anyř
j P t1, . . . , ku. Thus there is at least |Ci | qc ` 1 students in
Si , which is a contradiction with cPC 1 qc “ |Si |. Therefore, students in Si will all be assigned
i
to schools in Ci and thus µ psq P Ci ùñ s P Si .
Proposition 6
Let µ be the assignment generated by the DAMR mechanism. By Lemma 6, µ is fair with
diversity. Therefore µ is non-wasteful and thus every school is assigned qc students and every
student is assigned to a school. We will now show that when diversity objectives mirror the
population distribution, µ pcq enables diversity in every school c P C1 Y ¨ ¨ ¨ Y Ca´1 . We will
prove by induction in the sets C1 , . . . , Ca´1 when t ą 1 since the case a “ k “ 1 is trivial.
Step 1: we want to show that for every school c P C1 , µ pcq enables diversity at c.
Let n3 be the integer such that n3 “ |C1 | “ ¨ ¨ ¨ “ |Ca |. Since |C| “ n2 k, n3 a “ n2 k.
And since a ěŤ
k, n3 ď n2 . We must first show that there are at least n1 n3 students of each
type t P T in cPC1 S t pµ pcqq. Suppose not. Then there is at least one school c1 P C1 such
that |S t pµ pc1 qq| ă n1 . Since |S t pSq| “ n1 n2 k ě n1 n3 k and k ą 1, then there is a student
s1 such that τ ps1 q “ t and µ ps1 q R C1 . But then c1 ąs1 µ ps1 q and s1 justifiably demands a
seat in c1 , which implies that µ isn’t fair with diversity and thus Ť
we have a contradiction.
Moreover, since there are atŤleast
of each type t in cPC1 S t pµ pcqq, there are
Ťn1 n3 students
t
at least n1 n3 k students in tPT cPC1 S pµ pcqq. Since qc “ nŤ
1 k and for any i, |Ci | “ n3 it
follows that there are exactly n1 n3 students of each type t in cPC1 S t pµ pcqq.
Suppose now that there is a school c1 P C1 such that µ pcq doesn’t enable diversity at c1 .
Then there is a type t P T such that |S t pµ pc1 qq| ă n1 . By the result above we know that
there is a student s of type t such that µ psq R C1 . By assumption on preferences, c1 ąs µ psq,
implying that s justifiably demands a seat in c1 , a contradiction.
Step k ˚ : by induction assumption, for every i P t1, . . . , k ˚ ´ 1u and c P Ci , µ pcq enables
diversity in c. The proof follows the same argument as for step 1, with the difference that in
the instances in which a student s justifiably demands a seat in some school c1 P Ck˚ , that
student is assigned in µ to some school in Ck1 , where k 1 ą k ˚ , implying that c1 ąs µ psq.
Note, however, that when k ˚ “ a this argument cannot be made any longer, that is, if
there is a school c1 P Ck such that |S t pµ pc1 qq| ă n1 , there may not exist a student s of type
t such that c1 ąs µ psq.
Theorem 3
Remember that the choice function Cc satisfies the law of aggregate demand (shown in the
proof of Lemma 1.) By proposition 4 in Sönmez (2013) and proposition 6.4 in Roth and
Sotomayor (1992), the mechanism that yields the student-optimal stable matching is the
only mechanism that is pairwise stable and is strategy-proof.
We now show, through an example, that the student-optimal stable assignment may not
implement diversity, finishing the proof.
S “ ts1 , s2 u, T “ tt1 u, S t1 pSq “ ts1 u, C “ tc1 , c2 u
30

ąc1 : s1 s2
ąc2 : s2 s1
ąs1 : c2 c1
ąs2 : c1 c2
` ˘
` ˘
qc1 “ qc2 “ 1, qcT1 “ qct11 “ p1q and qcT2 “ qct12 “ p0q
There are two fair with diversity assignments, µ and µ1 , where µ pc1 q “ ts2 u, µ pc2 q “ ts1 u,
1
µ pc1 q “ ts1 u and µ1 pc2 q “ ts2 u. The assignment µ1 implements diversity, since µ ąq µ1 . The
student-optimal stable assignment, however, is µ, and it is easy to see that µ1 ąq µ and thus
µ doesn’t implement diversity.
Theorem 4
The proof of this theorem consists of showing that the SPDiv mechanism, as defined for
the sequence of economies n P N in section 5.1, is semi-anonymous and envy-free but
for tie-breaking, which Azevedo and Budish (2013) show to be a sufficient condition for
tpMn qN , Gu to be SP-L.
Agents (students) belong to groups h in a finite set H. A semi-anonymous mechanism is
defined as tpΨn qN , pGh qhPH u, where the Gh are the sets of actions available to each subgroup
h, and
G “ Gh1 Y ¨ ¨ ¨ Y Gh|H|
is the set of actions. The pΨn qN are functions
Ψn : Gn Ñ ∆ pX0n q
where X0n are feasible allocations for the economy n. Agents in subgroup h are restricted
to playing strategies in Gh . It is easy to see that the SPDiv mechanism defined in section 5.1
is semi-anonymous. A subgroup is a combination of student type and priority class, so that
H “ T ˆ Z |C| . The elements of each sets of actions Gh differ, therefore, only in the preference
types. Since students are not able to manipulate their types or priority classes, a student in
subgroup h is restricted to playing strategies in Gh , and therefore SPDiv is semi-anonymous
in this setting.
The property that Azevedo and Budish (2013) show as being sufficient for a semianonymous mechanism to be SP-L is the following:
Definition 11. (Azevedo and Budish, 2013) A direct semi-anonymous mechanism tpΨn qN , pGh qhPH u
is envy-free but for tie-breaking if for each n there exists a function xn : pG ˆ r0, 1sqn Ñ
∆ pX0n q, symmetric over its coordinates, such that
ż
n
Ψ pgq “
xn ppgi , `i qiPS n q dl
lPr0,1sn

and, for all s, s1 , n, g and l, if `s ě `s1 and if gs and gs1 belong to the same subgroup, then
ugs rxns ppgi , `i qiPS n qs ě ugs rxns1 ppgi , `i qiPS n qs
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In other words, if students s and s1 belong to the same subgroup and `s ě `s1 , then s
doesn’t envy the outcome of student s1 . Notice that the matching function µn ppgi , `i qiPS n q
described in section 5.1 is symmetric over its coordinates: if the characteristics group g and
the lottery numbers (which together completely characterize the information about a student
used by the mechanism) of two students are switched, it is easy to see that the outcome of the
SPDiv mechanism will be the same except for the assignment of those two students, which
will be switched.
Suppose now, for contradiction, that there are two students s and s1 such that `s ě `s1 ,
gs “ gs1 but ugs rxns ppgi , `i qiPS n qs ă ugs rxns1 ppgi , `i qiPS n qs. Let c “ xns ppgi , `i qiPS n q and c1 “
xns1 ppgi , `i qiPS n q. In terms of student s’s preferences, c1 ąs c. Since s and s1 are in the same
subgroup and `s ě `s1 , then s ąc1 s1 , and τ n psq “ τ n ps1 q. But this implies that student
s justifiably demands a seat in school c1 , as in definition 2, which is a contradiction with
Theorem 1.
When drawing the lottery numbers vector ` uniformly at random as described in section
5.1 we conclude, therefore, that the induced random mechanism tpMn qN , pGh qhPH u is envyfree but for tie-breaking and SP-L.

Specification of the alternative mechanism
Deferred Acceptance Minority Reserves (DAMR)
The extension of the DAMR mechanism in Hafalir et al. (2013) for multiple types consists of
applying the student-proposing deferred acceptance mechanism when schools’ choice function
is Cc , presented in section 3. More specifically:
Step 1: Start with the matching in which no student is matched. Each student s applies
to her first-choice school. Let Sc1 be the set of students that applied to school c. Each school
c accepts all students in Cc pSc1 q and rejects the rest, if any.
..
.
˚
Step k : Start with the tentative matching obtained at the end of step k ˚ ´ 1. Each
student s who got rejected at step k − 1 applies to her next-choice school. Each school
con˘
` k˚c´1
˚
siders the new applicants (Sck ) and students
admitted
tentatively
at
step
k
´
1
(C
S
).
c
c
` ` k˚ ´1 ˘
˘
k˚
Each school c accepts all students in Cc Cc Sc
Y Sc and rejects the rest, if any. If
there are no rejections, then stop.
The procedure terminates when no rejection occurs and the tentative matching at that
step is finalized. Since no student reapplies to a school that has rejected her and at least one
rejection occurs in each step, the procedure stops in finite time.
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